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Abstract

We develop a theory for measuring inequality of opportunity when mul-
tiple individual life outcomes such as income, health, education and others,
are considered together. The literature has so far focused on single out-
comes (e.g. inequality of opportunity in income only), but some preliminary
research has begun to consider multiple outcomes. Since the seminal con-
tribution of Atkinson (1970), inequality measures have often been derived
from welfare functions to reflect the fact that inequality is a welfare cost
to a society. We study general separable welfare functions, a class of func-
tions typically considered in the social choice literature. We axiomatically
characterise dominance conditions and measures of inequality of opportunity
using two well-known reward principles (i.e. utilitarian reward and inequal-
ity averse reward) and a new reward principle, namely agnostic reward. The
latter states that the welfare function can respond in any way to inequality
arising from differential effort. The paper provides a complete set of results

for multidimensional inequality of opportunity theory.

1 Introduction

The pursuit of Equality of Opportunity (EOp) has emerged as an increasingly

significant objective in public policy during recent decades. According to Alan
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Krueger, an economic advisor to President Obama, the escalating income inequal-
ity in the United States has now reached a critical juncture where it not only
creates a detrimental divide in opportunities but also poses a threat to economic
growth (Krueger 2012). In the European Union, inclusive growth that prioritizes
equal opportunities has become a central tenet of their growth strategy and is
enshrined in the European Pillar of Social Rights (European Commission 2021).
Consequently, equality of opportunity has evolved into a resounding mantra within
the realm of politics. Scholarly research has also thrived in this area, with a wealth
of empirical literature exploring equal opportunities (Ferreira and Peragine 2016;
Ramos and Van de Gaer 2016; Roemer and Trannoy 2015). Numerous studies
have demonstrated that the absence of EOp can have adverse implications for
economic growth (Marrero and Rodriguez 2013; Aiyar and Eveke 2018; Ferreira
et al. 2018), which underscores the compelling rationale behind pursuing EOp as
a policy goal. This pursuit is not only driven by considerations of social justice
but also by the pure economic incentives it offers.

Equality of Opportunity (EOp) is a widely accepted principle of justice which
holds that differences in life outcomes should reflect differences in individual ef-
fort and choices, rather than being determined by factors beyond an individual’s
control, often referred to as circumstance. Extending from an esteemed body of
literature in political philosophy (Rawls 1971; Dworkin 1981; Arneson 1989; Co-
hen 1989; Roemer 1993; Roemer 1998), numerous methodologies have been pro-
posed to quantify the proportion of inequality in outcomes that can be ascribed
to external circumstances. This quantification is then interpreted as inequality
of opportunity (IOp). Income is typically employed as the focal point of inter-
est in such analyses. Conversely, since the seminal works of Sen (1973), Kolm
(1977), and Atkinson and Bourguignon (1982), it has been widely recognized that
well-being encompasses multiple dimensions and cannot be reduced to a single
variable. This perspective has increasingly permeated policy-making as evident
in the adoption of metrics like the Human Development Index and the OECD’s
Better Life Index. Additionally, efforts have been made in countries like France
and the UK to measure progress beyond GDP per capita, acknowledging the need
to capture a broader range of factors. Consequently, if the objective of public
policy is to attain equality of opportunity, the measurement frameworks employed

must account for the multidimensional nature of life outcomes. However, to date,



with few exceptions which we discuss later, such measurement frameworks remain
underdeveloped. This paper addresses this problem.

The most standard framework of Equality of Opportunity (EOp) encompasses
two distinct categories of variables that characterize individuals: factors pertaining
to their responsibility, known as effort, and factors beyond their control, known as
circumstances (LeFranc et al. 2008). Within EOp theory, one prominent principle
is the Ex-ante Compensation Principle (Van de Gaer 1993), which advocates for
the equalization of inequalities among individuals with different circumstances
prior to the realization of effort. This principle is operationalized by considering
the distribution of outcomes among individuals sharing the same circumstances,
referred to as “types”, as the opportunity set available to each individual within a
type. Inequality between types, typically measured by the mean log deviation or
the Gini index of their incomes, is then utilized as an index to quantify inequality of
opportunity. Another key principle in EOp theory is the Reward Principle, which
guides how inequalities within types, stemming from differences in effort exerted
by individuals, should be addressed. The Utilitarian Reward Principle (Van de
Gaer 1993; Fleurbaey 2008) asserts that such inequalities should be disregarded
and remain unchanged, while the Inequality-Averse Reward Principle (Ramos and
Van de Gaer 2016) reflects a preference for reducing inequality arising from effort
disparities. We also consider these postulates, and in addition we consider the
Agnostic Reward Principle, which says that we should be silent about inequality
arising from differential effort. In other words, nothing (i.e. neither indifference
nor aversion) should be postulated about how to deal with such inequalities, the
focus should only be on inequalities between types. As such, it is of course the
weakest of reward principles.

Let us now delve into a more detailed description of our results. Since the semi-
nal contribution of Atkinson (1970), inequality measures have been associated with
a welfare function, which expresses the idea, dating back to Dalton (1920), that we
care about inequality because it imposes a welfare cost. This approach, which we
also follow, gives rise to an interpretation of inequality measures as a proportion
of mean resources (e.g. mean income or mean life expectancy) that is lost due
to inequality. Furthermore, such an approach links ethical postulates (typically
expressed as conditions on welfare functions) to the measurement exercise. For a

single dimension, this has only recently been sorted out by Bosmans and Oztiirk



(2021). Here we have those links established from the beginning. From a for-
mal perspective, the framework is the following. We have an ordering of society’s
multidimensional outcome distributions. This ordering is represented by a con-
tinuous social evaluation function that reflects the preferences of a social planner
who values equality of opportunity. To begin, we aim to characterize the class of
such functions based on axioms that embody the already mentioned principles of
ex-ante compensation and reward. The definition of these principles rely on trans-
formations that define the concept of inequality. In a multidimensional context,
these transformations aim to reduce disparities across multiple dimensions (e.g.,
Pigou-Dalton Transfers that proportionately affect each dimension) and affect the
interdependence between dimensions (e.g., switches that increase correlation be-
tween dimensions) (Epstein and Tanny 1980). A welfare function that adheres
to the Ex-ante Compensation Principle increases when these transformations oc-
cur between types, leading to changes in inequality between types. On the other
hand, when these transformations take place within types, a welfare function that
respects the Utilitarian Reward Principle remains unaffected because it is indif-
ferent about inequalities within types; it cares only about aggregate type utility.
However, a welfare function that respects the Inequality-Averse Reward Principle
does react to inequality changes that happen within types. Finally, an Agnos-
tic Reward imposes nothing on the welfare function with respect to within-type
transformations.

The main goal is to obtain so called characterization theorems. They relate
the respective class of welfare functions, where a class is defined by the EOp prin-
ciples that the function obeys, to the dominance condition. The latter is typically
a condition that acts on the values of outcomes, e.g. Lorenz Dominance which
compares ordered and normalized partial sums of incomes between two distribu-
tions. The theorem states that one distribution is better than another according
to all welfare functions in a particular class if and only if one distribution dom-
inates the other according to a dominance condition prescribed by the theorem.
Thus it suffices to order distributions via a dominance relation to be able to draw
conclusions that applies to the whole class of welfare functions. Such theorems
are a standard goal of the measurement in social choice theory. They take us from
the realm of unobservable objects such as welfare functions to something that can

be implemented using real world data on individual outcomes such as dominance
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curves a’la Lorenz. These curves are therefore often called implementable criteria.
Once we have a class of welfare functions we can attempt to derive from it an
inequality of opportunity measure via a procedure developed by Atkinson (1970),
Kolm (1969), and Sen (1973). Inequality measures derived in this way are called
normative since they are related to welfare in a sense that an increase in inequal-
ity causes a decrease in welfare, under some conditions (e.g. equality of mean
resources). Even if they cannot be derived because the class of welfare functions
is too general, as is the case here, the measures can be also related to dominance
conditions and some of their properties can be studied.

In this article we study separable welfare functions, that is, functions that
are general aggregation functions across types and additive within types. Sepa-
rability is an often assumed property of welfare functions (e.g. Peragine 2004)
extending significantly simple additive class. First we study separable welfare
functions that obey Ex-ante Compensation and Utilitarian Reward. We obtain a
general functional form of this class (Theorem 2). Then, in Theorem 2 we show
that an implementable criterion for this class is a dominance condition which we
call Component-wise Generalised Lorenz Dominance (CGLD). CGLD extends the
standard Generalised Lorenz Dominance to compare the vector of type means sep-
arately for each outcome. This condition is strict in that it requires a type to be
superior to another type only if it has a higher mean for each specific outcome.
This highlights the rigorous nature of the Utilitarian Reward axiom, which neglects
any distribution within types.! The considered class of welfare functions is too
general to derive inequality of opportunity measures, however, we can still show
some of their properties (Theorem 3), namely that they are not relative measures
(i.e. invariant to proportionate changes of attributes) and that they are too related
to CGLD, but in this case CGLD compares normalized distributions of attributes.
Second, we study the Inequality-Averse Reward and Ex-ante Compensation class
and obtain similar set of results. This class is no longer constrained by requirement
of the same ordering of every mean outcome and allows for a more comprehen-
sive examination of outcomes. The implementable criterion is Generalized Lorenz
Dominance applied to the type utilities (so called Welfaristic Generalized Lorenz

Dominance (WGLD), where the utility function is concave and submodular. The

!Nevertheless, these welfare functions are suitable for analysing outcomes that show weak

interdependence, as observed often in quality of life studies (Fattore and Maggino 2014).



latter means that interdependence of outcomes is taken into account, thus making
this class a truly multidimensional class of opportunity egalitarian welfare func-
tions. A superior type is the one with higher average type utility. We show that
WGLD is an implementable criterion for the class of separable, inequality averse
and ex-ante opportunity egalitarian welfare functions (Theorem 4) and then relate
inequality of opportunity measures to WGLD criterion acting on the values of the
attributes normalized by attributes’ means (Theorem 5). Finally, we study the
Agnostic Reward Principle. As this is a newly considered reward principle, we
provide the results for both separable welfare functions and more specific additive
welfare functions. First we relate the latter (Theorem 6) and then the former
class (Theorem 7) to WGLD criterion applied to the class of increasing and type-
concave utilities. For this most general class, we delineate some properties of the
inequality of opportunity measures (Theorem 8).

Regarding the other existing research on EOp for multiple outcomes, there is
an approach to EOp that can be applied to multiple outcomes, e.g. Decancq et al.
(2015). This approach, also in a single dimension, differs from the one considered
here, which is based on classical contributions by Roemer (1993) and van de Gaer
(1993). It is based on the idea of idealised individual preferences, but has been
much less studied and applied. Most of the EOp literature has developed around
Roemer’s framework and we contribute to this branch as well. The first paper
extending Roemer’s framework into multiple dimensions is Kapera et al. (2023)
and therefore their and our frameworks are the same. In short, they do what we
do, but for the much more restrictive case of simple additive welfare functions
(i.e., standard utilitarian welfare functions). Of course, additivity imposes a lot of
structure, and they are able to derive a specific class of measures of inequality of
opportunity, which cannot be done with more general welfare functions like ours.
However, we offer more general results for which theirs are a special case. The
introduction of separability requires changes to the axiom of “inequality between
types”, which expresses the Ex-ante Compensation Principle. Here, an inequality-
reducing transfer is made between types, but it is a transfer of utilities rather
than attributes as in Kapera et al. (2023), since the welfare function is a general
aggregation of the aggregate utilities of types. It is averse to inequality between
types’ aggregate utilities, or as we call it, “type welfare”.

The paper is constructed as follows. Section 2 develops the analytical frame-



work and contains basic definitions and axioms. In Section 3 we deal with the
class of welfare functions that obeys Utilitarian Reward, and in Section 4 with the
class that obeys Inequality-Averse Reward. In Section 2 we study a new Agnostic
Reward Principle. Finally, we briefly summarize the results and offer ideas for

future research (Section 6).

2 Definitions and axioms

In our society with N individuals, each person is fully characterized by an outcome
x, which is a multidimensional variable comprising k attributes, along with a set
of characteristics. These characteristics can be categorized into circumstances,
which are beyond the individual’s control, and effort, for which the individual
is entirely responsible. Formally, circumstances are denoted by O € O; O is a
general space that may encompass not only numerical values but also descriptions,
as seen in self-reported ordered variables. The effort is represented by w € © C
R,. The elements of O are ordered using the relation <, where O; < O;;; for
i € 1,2,...,n —1; a higher number signifies a superior type.? Outcomes are

determined by a function ¢ : O x © — R*

%, mapping individual outcomes to

combinations of circumstances and effort: * = ¢g(O,w). It is important to note
that richer equality of opportunity models may incorporate a “luck component”
(Lefranc et al., 2008) so that given circumstances and effort the outcome is, unlike
here, indeterminate. We assume that g is monotone with respect to the ordering
on circumstances and effort; in other words, it increases in accordance with some
ordering on the space of k outcomes R%. For instance, this ordering could be
the coordinate-wise increase of g or, less restrictively, the increase of g as a simple

" "attributes," and "dimensions"

sum of k attributes. We use the terms "outcomes,
interchangeably.

The ex ante approach focuses on the prospects measured by the set of op-
portunities available to individuals before they exert any particular effort. The

opportunity set is assumed to be the set of all outcomes in a given set of circum-

stances.®> Therefore, effort is not treated explicitly; it is only the source of the

2For now we assume that this ordering exists. In practice, in the empirical literature it is

taken from the ordering of outcomes.
3A particular position in this distribution depends on the effort exerted and is a building



underlying heterogeneity within the circumstance group. The outcome distribu-
tion is the primitive of the model. Formally, the outcome distribution arises from
g for a given 6 and all possible values of w, assuming that each individual has
access to the same levels of effort. In the following we focus on this distribution.

As previously mentioned, the ordering of circumstances partitions the society
into n ordered types, where a higher number corresponds to a better type. Let
N}, denote the number of individuals in type h. We have X}_ | N, = N. Let
X" € My, 1, represent the outcome distribution within type h. This matrix not
only characterizes the outcomes for individuals in type A but also defines the
opportunity set available to them. Here, My, «) is the set of all such matrices
with values in R,. The element Xihj represents the value of the j-th attribute for
an i-th individual who belongs to type h, and X! is the vector of attributes for
that individual. Let X € My« denote the outcome profile of the entire society,
and My be the set comprising all possible outcome profiles.

Figure 1 shows how type matrices X" form a full outcome matrix X. Matrices
X" are arranged into matrix X in an increasing order, that is rows 1, ..., N; of X
are rows of X', rows N1+1, ..., Ny + Ny are rows of X? and so on. Finally, let X, be
a matrix of type-means. It represents the case of perfect within-type equality, but
not between-type equality. The latter is denoted X*; it is a matrix of population
means. They have the same dimension as matrix X, that is, X,, X* € My,. We
write (X))l (resp. (X*)};) when we mean a value for individual 7 in outcome j
in type h of matrix X, (resp. X*) remembering that these values are the same
for all individuals in a type (X,) and in case of X* also across types.* The whole

vector of mean outcomes is denoted (X ,)! (resp. (X#)).

block of the ex-post approach (Roemer 1996) which is the other important model of EOp.
4For this reason, sometimes we set § = 1.



Figure 1: Structure of matrix X
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We aim to explore the ranking of outcome matrices by scrutinizing a binary prefer-
ence relation employed by an opportunity egalitarian social planner. This relation
is assumed to be a continuous ordering, which is represented through a continuous
monotone social evaluation function denoted as W : Myyi — R. The follow-
ing section outlines the axioms of EOp that define the characteristics of W. Our
approach begins with the definition of multidimensional inequality-reducing trans-
fers, and these definitions form the basis for the subsequent properties imposed

on the social evaluation function W.

Definition 1. Pigou-Dalton Transfer between Types (PDTT) Let 05 < 0,.
For X, Y € D, we say that X 1is obtained from'Y by Pigou-Dalton Transfer between
Types (PDTT) if X* = Y" for h ¢ {r.s}, X} = Y{.X; = Y fori ¢ {p.q}
and for some individuals p,q belonging to, respectively, types r,s, we have X, =

Y1 —e)+Yre and X, = Yie + Y5(1 — ¢), where € > 0 and after the transfer
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still 05 < 0,.

PDTT refers to a transfer between individuals p and ¢ from types r and s re-
spectively, while maintaining the original ordering of these types. The remaining
elements of matrices X and Y are held constant. This transfer is a form of uniform
PD majorization (Tsui 1999; Marshall and Olkin 1979), ensuring that individu-
als from different types are brought closer together through a transfer of the same
proportionate amount on each dimension. Consequently, inequality between types
is reduced on each dimension, while the ordering of types is preserved. The no-
tation 6, < 6, denotes that type r is considered better than type s according to
a specified ordering < on the space of circumstances. In practical terms, when
dealing with a single outcome, such as income, the ordering of types is typically
derived from the outcomes. For example, a better type may be one with a higher
mean income. We adopt this approach and consider two orderings: (i) a better
type is the one with a higher mean value for each outcome, and (ii) a better type
is the one with a higher average utility, measured by a class of utility functions
outlined in our results. Therefore, PDTT serves to reduce the distance between
two individuals and, consequently, two types, while preserving the ordering based
on mean outcomes or type average utilities. When r = s, indicating a transfer

within the same type, this is referred to as PDT.

Definition 2. Pigou-Dalton Transfer (PDT) For X,Y € D, we say that X
is obtained from'Y by Pigou-Dalton Transfer (PDT) if X is obtained from 'Y by
PDTT forr =s.

In a multidimensional context, considerations of welfare and inequality extend
beyond mere distributional spread to encompass the interdependence of outcomes.
This aspect is encapsulated in the concept of a correlation-increasing transfer
(Boland and Proschan, 1988), where, between two individuals, one is assigned the
maximum values for each outcome, and the other is assigned the minimum values.
This operation explicitly enhances the correlation between outcomes. While the
marginal distributions of outcomes remain unchanged, there is now “more joint
risk”, meaning a heightened likelihood that a given individual occupies higher or
lower positions across multiple dimensions. This formalization is referred to as a

Correlation-Increasing Transfer (CIT), specifically acting within a type.
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Definition 3. Correlation-Increasing Transfer (CIT) For all X,Y € D, we

say that Y is obtained from X by Correlation-Increasing Transfer (CIT), if X" =

Y for h # 1, Ylé = Xilj for i # {p,q} and for some individuals p,q belonging to
! I i Iyl :

X)), Yy =min(X,,;, X .) for all j.

pj’

type 1, we have Y;j = max (X!

pj’

Definitions 2 and 3 are the basis of the axioms imposed on function W.

MONOTONICITY (MON). For all X,Y € D, if X" = Y" for all h # I,
X), =Y +¢ewithe > 0and X, =Y}, for (i,j) # (p,r), then W(Y) <
W(X).

ADDITIVITY (ADD). There exist functions U" : R* — R, forall h € {1,2,...,n},
assumed to be twice differentiable in the variable X", such that W(X) =
yr_ SN U (XH) for all X € D.

SEPARABILITY BETWEEN TYPES (SBT) There exists a twice differ-
entiable function ¢ : R™ — R, and for all h = 1,...,n there exist func-
tions U" : R¥ — R assumed to be twice differentiable, such that u¥ =

SOV UMXP) and W(X) = ¢(u, ..., uX).

ro'n

INEQUALITY NEUTRALITY WITHIN TYPES (INWT) Forall X,Y €
D, if X is obtained from Y by PDT, then W (X) = W(Y).

For all X,Y € D, if X is obtained from Y by CIT, then W (X) = W(Y).
INEQUALITY AVERSION WITHIN TYPES (IAWT) Forall X,Y € D,

if X is obtained from Y by PDT, then W (YY) < W (X).

For all X,Y € D, if Y is obtained from X by CIT, then W (Y) < W(X).
INEQUALITY AGNOSTICISM WITHIN TYPES (IAGWT) Forall X|Y €

D, if X is obtained from Y by PDT, then W (X) is silent.

For all X,Y € D, if X is obtained from Y by CIT, then W is silent.

INEQUALITY AVERSION BETWEEN TYPES (IABT) For all X,Y €
D, if X is obtained from Y by PDTT, then W (Y) < W(X).

INEQUALITY AVERSION BETWEEN TYPES’ WELFARE (IABTW)
Let X, Y € D, 0, <6,., ¢ >0 and W fulfills SBT. Then,



MON is a fundamental assumption in the literature, asserting that the welfare
function does not decrease when the value of a single attribute for a specific in-
dividual increases. ADD implies the use of standard utilitarian welfare functions
(W), which are essentially a sum of individual utilities. SBT, introduced as a
generalization of ADD, maintains additive aggregation within types, as indicated
by Peragine (2004), but allows for a more flexible aggregation function between
types. This represents a departure from strict additivity, opening the door to
diverse welfare aggregation procedures. It is essential to note that an individual
utility function is a function of multiple variables. Additionally, we denote U”" for
all individuals in a type, assuming by default symmetry within types. This sym-
metry implies that W remains invariant concerning the permutations of individual
bundles within a type. However, it does not maintain invariance with respect to
permutations of individual bundles between types, as emphasized in EOp theory,
type membership matters.

The axioms INWT, IAWT, IAGWT, TABT, and IABTW are integral and tai-
lored to the Equality of Opportunity (EOp) framework. The first two axioms
encapsulate distinct manifestations of the reward principle. Specifically, INWT
embodies Utilitarian Reward by asserting that the welfare function W remains
invariant to inequality-reducing transformations within a type, such as PDT and
CIT. In contrast, TAWT represents Inequality-Averse Reward, signifying an aver-
sion to inequality within types. TAGWT stands out as the most comprehensive
axiom, allowing for a wide range of responses from W to either PDT or CIT
(expressed as “W is silent”). On the other hand, IABT and IABTW articulate
the Ex-ante Principle of ompensation, as delineated in works like Fleurbaey and
Peragine (2013). These axioms posit that an inequality-reducing transfer between
types augments welfare. IABT involves a progressive transfer of attributes be-
tween types, whereas IABTW involves a progressive (cardinal) transfer of utilities
from the more opportunity-endowed type to the less opportunity-endowed type,
aligning with the concepts of SBT and ADD, respectively.

Welfare functions we have focused on so far have associated inequality indices
via the construction described below, but let us first define what is an inequality

of opportunity index.

Definition 4. I : Myy — [0,1] is an inequality of opportunity (I0p) measure if
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it satisfies the following properties:

1. I is continuous.
2. I(X") =0 i.e. I is zero for perfect equality.
3. I fulfills IABTW.

Measure I is relative if additionally [(XC) = I(X) for diagonal matriz C. If
I(XC) = I(X) holds only for C being diagonal matriz with equal elements on the

diagonal, then we say that I is weakly relative.

An inequality of opportunity measure is a continuous function that is lower-
bounded by zero in the case of perfect equality, where everyone attains the mean
outcome on each dimension. Furthermore, it adheres to the Ex-ante Principle of
Compensation embodied in the IABTW axiom. This principle distinguishes an
Inequality of Opportunity (IOp) measure from a conventional inequality measure,
which possesses PDT rather than PDTT as the defining property. Now, let us

revisit the formal relationship between I and W.

Definition 5. We say that an inequality measure I is induced by a welfare function
W if Iy (X) =1—0(X) (therefore from now on we write Iy ) where 6(X) € [0, 1]
satisfies equation W (X) = W (5(X)XH).

This approach is commonly known as the Atkinson-Kolm-Sen method (Atkinson
1970; Kolm 1969; Sen 1973) for constructing inequality measures. It ensures
that these measures possess normative significance, signifying that, under certain
constraints (such as equality of means), W/(X) < W(Y) < I(X) > I(Y).

In the subsequent sections, we delineate the specific dominance conditions
corresponding to each class of welfare functions outlined in our axioms. We also
highlight various properties associated with the corresponding class of Inequality of
Opportunity (IOp) measures. As noted in the Introduction, these characterization
results are valuable because they enable the substitution of the unobservable class

of welfare functions with conditions that can be implemented using data.

13



3 Separable welfare functions and utilitarian re-
ward

We start with the class of separable social welfare functions that fulfill ex ante

compensation and utilitarian reward
WOEN — [TV|MON, INWT, IABTW, SBT}

and the associated class of utility functions, as shown in Theorem 1,

UOEN = {U|Increasing, Type-Concave, Linear}.

OEN means “opportunity egalitarian neutral”, where the last term comes from
neutrality embedded in INWT. By Increasingness we understand that U” is non-
decreasing with respect to attributes dU"/dX > 0. Type-Concavity means that
worse type is more important in welfare evaluation; the better the type the lower

its first derivative.

Definition 6. Type-Concavity Function U" : R¥ — R is type-concave if for
0s < 0., we have dU®/dX > dU" /dX .

INWT brings us asymptotically to matrix X, characterized by perfect within-type
equality, as shown in Lemma 1 in Kapera et al. (2023). That is, we do not pay
attention to the distribution within types, but only to the distribution of type
means. This is a natural consequence of INWT being indifferent to inequality
reducing transfers within type. This fairly straightforward observation will be
usefull in subsequent analysis, so mention it.

We now define Component-wise Generalized Lorenz Dominance. It performs
standard Generalized Lorenz Dominance for each attribute separately i.e. it works
on vector columns of matrix X. Please note that total sums in columns in X
and Y may differ, therefore we have Generalized Lorenz instead of just Lorenz

Dominance.

Definition 7. Component-wise Generalized Lorenz Dominance (CGLD)
For all increasingly ordered (within columns) matrices X, Y € My, we say that

X Component-wise Generalized Lorenz dominates Y 1i.e.

X =cap Y <= T, Xy > 5,V ViaenVicj<k

14



Before we relate CGLD to the class of welfare functions, we show that indeed

Z/{OEN

welfare functions WOFN and utility functions are associated.

Theorem 1. Let u)t = SN UMNX!) and W(X) = (u, ..., uX) as in SBT and
let 0, < 0,.. We have

oY Ou, < oY Oug v,

%% OEN Uh uOEN/\ )
W= e dur OX7. = duy 0X5,

Proof. We show that U" € U9FN and additionally that g—iaa)";il — aa;i 3%?51 <0
for all 7 where type 7 is a better type than s, to ensure type-concavity. That for
linear and type-concave U", W fulfills INWT and IABTW is obvious, so we focus
on the second implication. Let us assume that W fulfills INWT. Let X be PDT of
Y and assume p, ¢ be two individuals in type [. Slightly abusing notation we write
W(X) = (UY(X]) 4+ U'X])). From INWT we have W (X) — W(Y) = 0, hence
Y(UNXL) + UY(XL)) —o(UN(Y)) + UY(Y])) = 0. This, however, is equivalent to:
P(UXE) + UN(XE) — 6(U(YVE) + U'(VD) U(XS) + U' (X)) = U'() — V()

XL 1 O1(X3) — UT(Y1) — TA(Y}) 10X, — X1 -

Taking || — 0 we obtain

oL 1yl ou ou | _
%(U (Xp-)+U(XQ')) a_X(Xp)_a_X(Xq) =0,

Therefore either 1 is constant or g—;‘((X]lJ,) = Ju(X L), hence derivative of utility

function is constant and U! is linear.

Now let us assume that W fulfills IBATW. Let X be obtained from Y by
PDTT between types r, s such that 5 < 6, and individuals p, g from these types,
respectively. Further, let Y differ from Y;! in only one attribute. Without
loss of generality, we assume it is first attribute. Then, by IABTW we have
BUT(X3), US(X2)) = 0(U"(V), US(Y;3) and

Y (U (Y (1 —e) + Ype), U(Ya (1 =€) + Yjie)) — v (U (V). U(Yy)) > 0.

Dividing both sides by |](Y;; —Y,}) and taking ¢ — 0 we get 0 Ou _ 0v Dus <
p

which in the case of linear utility functions is equivalent to ag% < ajg%. O]

We can now relate CGLD to a class of functions WOV, This theorem is a
multidimensional analog of Theorem 2 in Peragine (2004). Provided that one
accepts IJABTW axiom, unambiguous social ranking can be achieved in the case

of general aggregation of the types’ welfare.
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Theorem 2. For X,Y € D we have W(Y) < W(X) for any W € WOEN if and

only if X, =carp Y.

Proof. By Theorem 1 in Kapera et al. (2023), the statement is true for a subclass
of WOEN ‘namely, functions which are additive WAPEN | Since WACEN « WOEN,
then W (X) > W(Y) for any W € WOEN implies X, =carp Yy, so we only have
to prove the second implication.

Let us now assume X,, =cgrp Y, which means that inequality between partial
sums holds for each j (see Definition 7). It suffices to show only IABTW as
other properties of W are operations within types and follow from Theorem 1 and

Corrollary 1 in Kapera et al. (2023). Given X, >cqrLp Y,, for each [, it is true

that I Nn k I N, &k
YDAt =3 > Y dvh=o, (1)
h=1 =1 j=1 h=1 =1 j=1

where a > /" > 0 for all j. We now use (1) in proving IABTW.

W) =v@l, ..., u)) <l + () —u)),ud — (uf —ud),...,u))

= ¢(ui{’ug - (U’{( - uf)? cee uY) = W()}I% (2)

»r'n

where &1 := u* —u} equals (1) for [ = 1, therefore & > 0. Now we proceed with

transfers between adjacent types

W()zl) =(u;uy .+ (0 —uly),ul’frl — Z(u,)f —u)), .. u))

h=1
I+1 ~
< ID(U{(a Ug(, s 7ulXa uly+1+(ul)i1_ulljrl)7 ulY+2_Z(uhX_u;L/)7 s JuzL/) - W(Xl+1)7
h=1
(3)
and in each step (1) ensures that &; > 0. Finally, we arrive at ¢ (us*, ..., u> |, uX —

S (uX —u})) and we have > (ux —uY) > 0, so by increasingness of ¢ we

get

Theorem 2 states that if for each attribute the type-means distribution of distri-

bution of X dominates the type-means distribution of of Y, then for all welfare
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functions in the class WOFY X is more opportunity egalitarian than Y. is more
opportunity equal than Y. The converse is also true. Theorem 2 gives a sim-
ple prescription for how to implement unanimous welfare ranking for the case of
neutrality. First partition the society into types, then for each attribute compute
the distribution of type means. Finally, order the columns of this distribution in
increasing order and apply Generalised Lorenz Dominance to each column. Al-
though easy to implement, the result is restrictive - each dimension is treated
separately and therefore the resulting ranking has a meaningful interpretation
only if a better type has a higher mean than a worse type on each dimension. on
each dimension. Such is the consequence of the restrictive INWT axiom.

Before we get to inequality of opportunity measures, one observation that
follows the proof of Theorem 2 is worth noting. The welfare functions in the
class WOFN are a general aggregation of the sum of utilities in types with partial

derivatives ordered so that IABTW is fulfilled.

Corollary 1. W € WOEN qare of the following form
N1k N, k
W) = v (zza;xg,...,zzayxz;.) ,
i=1 j=1 i=1 j=1

h O htl O .5
where O oy > a; Bon iy >0 forall j.

The class WOFV is too general to establish a concrete functional form of an in-
equality index, however, we can still enlist some properties of such measures and

relate it to dominance conditions, as the following theorem shows.

Theorem 3. Let W € WOEN with W(X) # 0 for any X € D. Then we have the

following set of results:

1. I is an inequality measure.

2. I 1is neither relative nor weakly relative.

XZ (Yh)/_ ij
wxmy \Lij) T Wiye)-

3. I(X)<I(Y) <= X, =cawp Y, where (X]})/ =

Proof. We begin by checking that I derived from W € WOFN is an inequality
measure, although we cannot write its functional form, because W in Corollary

1 is too general. Continuity is obvious. From Definition 5, for X, we have

5To be formally precise, we should also have constants Nyb which we omit.
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W(XH*) =W (6(XH*)XH),so 6(X#)=1and I(X*) = 0. Furthermore, since PDTT
does not change outcomes’ total sums, we have Y* = X*. Then W(Y) < W(X)
implies 0(Y) < §(X).

To show that I is not weakly relative, let W (X) = In(T]r_, (32N le al X))+

22?21 a;X};). Also set aj = ay = 2,a7 = a3 = 1. Such W satisfies conditions of

Corollary 1, hence W € WOFA, Further, let n =2, Ny = N, =1, j = 2. Set

X = b , C=
1 3 0 2

Obviously (X*)i, = (X*)3, = 1, (X")}, = (X*)3, = 2. By simple calculation,
W(X) = log(16) + 8 and W(6X*) = log(1852) + 126 hence § ~ 0.71. Now
W (XC) =1log(64) + 16 and W (6 X*C) = log(726%) + 244, hence § =~ 0.69.

Finally, since WA9EN ¢ WOFN then I(X) < I(Y) = X|, =cawp Y,
To obtain a reverse implication, note that by Theorem 2, X L ~CGLD Y;: —
W(X') > W) for all W € WOFN_ By construction of X’ and Y’ we have
(X")* = (Y')*, which means that §(X’) > §(Y”), and therefore [(X) < I(Y). O

4 Separable welfare functions and inequality averse
reward

We will now study separable welfare functions that combine ex ante compen-
sation and inequality averse reward. This and also the agnostic reward class
considered in the next section require a different dominance condition than CGLD.
The Component-wise Generalised Lorenz dominance characterised in the previous
section is non-welfarist in the sense that the evaluation of distributions depends
directly on the values of the attributes. Various authors (e.g. Maasoumi 1986;
Dardanoni 1992) propose a welfarist approach to multidimensional aggregation.
Namely, an individual welfare derived from attributes is first evaluated through a

utility function. This leads to utility-based majorization as shown below.

Definition 8. Welfaristic Generalized Lorenz Dominance (WGLD) Let
X,Y € D and uy, be defined as uyk = Z?QLI UM(X!). For all increasingly ordered

vectors ui, u) , X strictly Welfaristic Generalized Lorenz dominates Y in a class
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F of functions Uy, i.e.

l l
X Y
X EWGLD(}') Y — Zuh Z Zuh Vl:l,...,anhe]-"
h=1 h=1

WGLD first aggregates individual utilities within type, and then compares sums
of such within-type aggregated utility vectors. Here we make the dependence on
F to show that WGLD can be applied to different classes of different classes of
utility functions. The welfarist GLD criterion will allow us to compare distribu-
tions according to welfare regimes in which a policymaker is concerned with both
inequality between types and potentially inequality within types.

We define the following class of welfare functions, where OEA means “oppor-

tunity egalitarian averse”
WOEA — fIVIMON, SBT, IAWT,IABTW}

and the associated class of utility functions

UPEA = {U|Increasing, Type-Concave, Concave, Submodular}.

Definition 9. Submodularity Function U" is submodular if UM(X]})+U"(X]') >
UMXEAXI)+UM(X) Vv X]) where X) AX] is a vector of elements max{X];, X}
X/}

h ho : h
and X; N X is a vector of min{ X},

Note that X£ VX g denotes element-wise maximum and X]’}_ ANX g denotes element-
wise minimum. The function is submodular if it attains lower value for the distri-
bution such that between two individuals, one has lower (or higher) value than the
other for each attribute. Submodularity reflects that association between dimen-
sions matters, and if there is more of it the utility is lower. We could also assume
that the reverse holds, namely supermodularity and more association is beneficial
for welfare (e.g. when outcomes are complements rather than substitutes), but
this is less common in economics literature (Atkinson and Bourguignon 1982).

Theorem 4 combines class W4 and dominance criterion WGLD applied to

the class YACEA,

Theorem 4. For X,Y € D we have W(Y) < W(X) for any W € WOFA if and

OTlly ZfX EWGLD(Z/{OEA) Y.

Proof. Let us assume that X =y qrpgoray Y. Then, for each [, we have that

I Ny I Np
Sy oM =Y > U =o. (5)

h=1 i=1 h=1 i=1
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et Mt

W)=, ,ul) <ol + @ —ul),uy — (uf —ul),...,u)

= vl u) — (i —u}). ) = WK, (6)

r o

where ¢, := u¥ —ul equals (5) for [ = 1, therefore £; > 0. Now we proceed with

transfers between adjacent types

W()zl) =(u;uy .+ (0 —uly),ul’frl — Z(u,)f —u)), .. u))

h=1
I+1 N
< w(ufa uéxa s 7ulXJ uly+1+(ul)i1_uly;rl)7 uﬁQ_Z(uhX_u;L/% s JUJZ) = W(Xl+1)7
h=1
(7)
and in each step (5) ensures that ; > 0. Finally, we arrive at ¢ (ui*, ..., uX |, u> —

S (uyr —u))) and we have >0 (uX —u)Y) > 0, so by increasingness of ¢ we

get

=0(uy sy = Y (uy —wy)) SO, uy) = W(X). (8)

The fact that U" are increasing implies that W fulfills MON, so it remains
to check IAWT. We can slightly abuse notation and write W(X) = ¢(U"(X]) +
Uh(X ;L,)), where a transfer takes place between person p and ¢ in type h while the

rest remains constant. Let Y be obtained from X via CIT. Then for U submodular
UMXD)+ UMXE) > UMXEAXD) + UMX) v X =0MY)) + UMY
which gives W (X) > W(Y). Let X be obtained from Y via PDT. Then X}, =
Yi(1—e)+Y]eand X[ = Y]ie + Y](1 —¢), further
(U (Vo1 =) + Vo) + UM (Yyje + Y5(1 = €))) — w(U"(Y) + UM(Y5)) = 0.
Dividing by |5|(Yp’} - Yq};-), assuming Yp}; > Yq}; and going with € to 0 we get

oy [oU" " ouh "
vy — T vhy ) > 0.
ou (6xj( ‘”) ﬁxj( m) =0

Since 1 is increasing and U" are concave, then W (X) > W (Y).

We now turn to the second implication. We have W (X) > W(Y') for any W €

WOFA and we want to prove that X =“warLpworay Y. In other words, we have
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S uX > 307 u) and want to prove that this implies 3L uy > S0 u) for
any | € {1,...,n}. We proceed by contradiction. Let us assume that for some
e {l,....,n}, b u¥ < 3L w). Forl =n, W(X) < W(Y), which is a
contradiction. For I < n, let us denote A = Zh Ju) =30 u > 0. Define W
h h < ho_ h Y _
with U" = U" for h <[ and U (Zﬁzmu{—zh l+1uh)U Since Y _ 11 Upy
Zlh—1+1 uyf > 0 and A > 0 such W’ is in WOF4 and Y7 uf — > uf =
£ — A < 0, which contradicts assumption that >, _ up > >} u} . O

Theorem 4 states that in order to compare distributions of outcomes in terms of
welfare functions that are monotone, separable and averse with respect to both in-
equality within and between types, one can apply Generalized Lorenz Dominance
to type-aggregate utilities, where utility functions are increasing, type-concave,
concave and submodular. The reverse is true as well, namely, Generalized Lorenz
Dominance for such utility functions is the largest (in the sense of inclusion) or-
dering on D consistent with the class WOF4,

We use the following well-known property (Tsui 1995) to restric the class of

inequality-averse welfare functions.

RATIO SCALE INVARIANCE (RSI) For all X,Y € D and diagonal ma-
trix C' we have W(X) =W(Y) «— W(XC)=W((YCO).

RSI states that welfare function is invariant to proportionate changes of attributes’
values. With this in mind, we can derive some properties of the inequality of

opportunity measures for separable inequality averse welfare functions.

Theorem 5. Let W € WOFA such that W satisfies RSI. Then we have the

following set of results.

1. I is a relative inequality measure

2. Iy(X) < Iy(Y) — XC¥ ZWGLDUOPA) YCY for all W € WOFA where

CX,CY are diagonal matrices with ¢X = — N ¥ = N
g ].7 anl ZNh Xh ) 27 znil ZNh Yh

Proof. First, we prove that I is an inequality measure. Continuity is obvious.
I(X*) =0, since for § = 1 W(X#") = W(§X") and by monotonicity of W, it is
uniquely defined. Since W fulfills IABTW, so does I. Relativity easily follows
from the fact that W(X) = W(dX") < W(XC) = W(6X*C).
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Note that by RSI, W(XC¥) = W(X). By definition of CX,CY we have
XrCX = YHCY since both of those have all values equal to 1. Assume XCX =1 pgora)

Y CY. By Theorem 4 and RSI we have
W(S(X)X CX) = W(XCX) > WY CY) =W ((Y)YHCY).

Since X*CX = Y*CY we have §(X) > §(Y) and therefore [(X) < I(Y). W(XC¥X) >
WY CY) = XCX sipr YC¥ and W(XCX) > W(YCY) iff I(XCX) <
I(YCY), which under RST is the same as I(X) < I(Y).

O

Welfare functions that fulfill RSI generate relative inequality measures (point 1
of Theorem 5). Utility functions act on values of the attributes normalized by

attributes’ means (point 2 of Theorem 5).

5 Agnosticism

We will now study first additive and then separable welfare functions that com-
bine ex ante compensation and agnostic reward. We define the class of
welfare functions that fulfill the agnostic version of reward principle. This is a
new principle, not considered before, so we start with additive aggregation, and
then extend this class to separable aggregation. AOEAG means “additive oppor-

tunity egalitarian agnostic”.
WACEAG — f17IMON, ADD,IABT}

and the following class of utility functions

UACEAG — (1] |Increasing, Type-Concave}.

Theorem 6 combines the class of welfare functions WA9FAG and WGLD applied

to the class YAOEAC,

Theorem 6. For X,Y € D we have W(Y) < W(X) for any W € WAOEAG 4f

and only if X =wqrpuaorac) Y.

Proof. We start by showing that W € WAOFPAG if and only if it is of form

X
n Nh

W(X)=>"Y U"X}

h=1 i=1
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with dU"/dX > dU"'/dX > 0. Obviously, ADD is equivalent to W (X) =
Sy vaji Uh(X!) and MON is equivalent to dU"/dX > 0. We only need to
show that TABT is equivalent to dU"/dX > dU"/dX.

Let us assume that 6, < 6,, p € {1,...,N.},¢ € {1,...,Ns;}. We set ¢ =

(e1,1,1,...,1). By IABT, we get T XX 0el U)o TR )R 43, ()

Treating X as variable (first attribute), we now obtain dU"/dX; < dU®/dX; by

moving £; to 1 in the limit. By setting e = (1,...,1,¢;,1,...,1) we obtain the
same result for arbitrary coordinates, which concludes this part of the proof.
Now, let us assume that X =wqrpeaosacy Y. Then, for all [ = 1,...,n,

S _juX > S ). Since it applies for any I € {1,...,n} then especially for

l=n, so

n n n N;}f n N{

Souy =D uy = YOS UMX) =YD UMY = W(X) = W(Y).
h=1 h=1 h=1 =1 h=1 =1

We now turn to the second implication. We have W(X) > W(Y) for any
W € WAFOAG " and we want to prove that X “waLpwuaoracy Y. In other words,
we have S0 uX > S2¢_ u) and want to prove that this implies Y0, u¥ >
S u) forany € {1,...,n}.

We proceed by contradiction. Let us assume that for some [ € {1,...,n},
S _uX < S u). Forl=n, W(X) < W(Y), which is a contradiction. For
I < n,let us denote A = 320w} — S0 uX > 0. Define W’ with U = U"

'h _ A hoQ; ! Y ! X
for h <land U" = Q(ZZ:MUZ*ZZ:ZH%()U - Since D U — D iUy >0

and A > 0 such W' is in WAFOAC and 373 uf — >0 u} =4 — A < 0, which

contradicts assumption that >, u;y > > 0 u) . O

Theorem 6 states that in order to compare distributions of outcomes in terms
of welfare functions that are monotone, additive and agnostic with respect to
inequality within type but averse to inequality between types, one can apply Gen-
eralized Lorenz Dominance to type-aggregate utilities, where utility functions are
increasing and type-concave. Indeed, such utility functions are “silent” about in-
equality within type, but respect aversion to inequality between types. The reverse
is true as well, namely, Generalized Lorenz Dominance for such utility functions
is the largest (in the sense of inclusion) ordering on the space of outcome matrices
consistent with the class WAFOAG  The proof of Theorem 6 gives us precise form

of functions in class WAOCEAG,
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Corollary 2. W € WACEAG qre of the following form

e

h=1 =1
with dU"/dX > dU"™ ' /dX >0 and dU"/dX > 0.

VVAOEAG

An extension of is a new separable class. OEAG means “opportunity

egalitarian agnostic”. We have

WOFAC — [ |MON, SBT, IABTW}

ZJAOEAG

and class of utility functions.

Theorem 7. For X,Y € D we have W(Y) < W(X) for any W € WOEAS if and

Only ZfX EWGLD(MAOEAG) Y.

Proof. Since WACEAG < WOFAG then by Theorem 6, W(X) > W(Y) for any
W e WOFAG implies X ~warLpuaoracy Y, so we only have to prove the second
implication.

Let us assume X =y qrpeaoracy Y, that is, for each [, we have that

ZZUh XM — ZZUh (Y > (9)

h=1 i=1 h=1 i=1

We now apply IABTW

W) =, .. ul) <ol + (uf —ul),ud — (u —ud),...,ud)

r'n

¢(u1 7“2 - (u{( - u%/)’ ce 7UY) = W(jzl)’ (10)

n

where g1 := u* —ul equals (9) for [ = 1, therefore £ > 0. Now we proceed with

transfers between adjacent types

l
W(Xl> = ¢(u{(7u§(7 s 7ulY + (ulX - uly)vul}f&—I - Z(uff - UZ), cee 7“7{)

h=1
I+1 N
< w(u{(7 uéxv s 7uiX7 u?;l—i_(uiil_ul)jrl% u};Z_Z(ui(_U}L/% s >UZ) = W(Xl+1)7
h=1
(11)
and in each step (9) ensures that &; > 0. Finally, we arrive at ¢ (uy, ..., ux , uX —

S (u¥ —u))) and we have Y7 (ux —u)Y) > 0, so by increasingness of ¢ we
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— (.l = S ) S v, ) = W(X) (12)

n

We now show that U" € YAPFAC and additionally that %% > Ofil %
J J

for all j to ensure type-concavity. Let X be obtained from Y by PDTT between
types 0 < 0, and individuals p, ¢ from these types, respectively. Further, let Y
differ from Y} in only one attribute. Without loss of generality, we assume it is first

attribute. Then, by IABT we have (..., uX, ... uX,...) > (... ur, ... ur,...)

)y oy )y s 9 » s )
and

Y r r r r s Y s s s s r
V(o u, U (Y))+U (Y, (1—e)+Ye), .. ug —U (Y, )+U* (Y (1—e)+Y)e), . . .)

q

—(ur o ul ) >0 (13)

Dividing both sides by [e(Y,; —Y.%)| and taking ¢ — 0 we get %;XL; — g—ia%gj <

0. ]

With dominance conditions established, we can now turn to inequality of op-
portunity measures. The class WOF4Y is our most general class, hence the least

can be said about the related measures.

Theorem 8. Let W € WOFACG with W(X) # 0 for any X € D. Then we have

the following set of results:

1. I is an inequality measure.

2. If U,% are homogeneous functions, then I is weakly relative.

Proof. We begin by checking that I derived from W € WOFA4C is an inequality
measure. [t is clear that it fulfills first two conditions by the construction of the
index. It remains to check that the index is consistent with IABTW. Let X be
obtained from Y via PDTT, then since PDTT does not change outcomes’ total
sums, we have Y# = X*_ and from W (X) > W(Y') and monotonicity of W we get
d(X) >6(Y). We have I(X) < I(Y) so [ is inequality measure.

Let U, be homogenous function of degree a, 8 respectively, that is U(cX) =
U (X). Let Y = X, for diagonal matrix C' = ¢ - Id, then

W(Y)=W(XC)=W(cX)=c*W(X).
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By analogous operation W(Y) = W(§(Y)Y*) = §(Y)PW (Y*) = (c§(Y))*PW (XH),
W(X)=W((X)XH) = 6(X)*W(XH). Finally, 6(X) = 6(Y). O

6 Conclusions

Overall, we develop a complete theory of multidimensional equality of opportu-
nity for the case of separable welfare functions, which is typically considered in
the literature. We provide a number of results typically sought in the literature
i.e., relating classes of welfare functions and inequality measures to dominance
conditions. We add a new reward axiom and significantly extend the results of
Kapera et al. (2023) for other reward principles. Admittedly, as mentioned above,
research on the measurement of inequality of opportunity is at a very early stage
and many directions remain open for the future. In particular, we consider only
ex-ante equality of opportunity. Another important approach to EOp is to take
into account individual effort. This is known as ex-post equality of opportunity,
which takes into account individual outcomes after they realise their choices about
the level of effort they want to exert. This approach is conceptually different be-
cause effort is typically unobserved. The solution often adopted then comes from
Roemer (1996) and consists in taking the individual’s position in an outcome dis-
tribution of his/her type as an implicit measure of effort. This would have to
be redefined in a multidimensional framework if a multidimensional ex-post EOp
were to be developed.

Furthermore, by considering outcome matrices X with values in the space of
reals, we restrict ourselves to cardinally measurable variables. Income is certainly
one such variable, but as is well known, other indicators of quality of life are not.
For example, health is usually represented by self-reported health status, which is
an ordered category variable with categories corresponding to different descriptions
of health, but without numbers. Such variables require a completely different
approach to measuring inequality (e.g. Allison and Foster 2004). However, given
how often different life outcomes are not cardinal variables like income, it seems
necessary and natural to develop the theory of inequality of opportunity in this

direction.
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