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ABSTRACT

Researchers emphasize the need to include broad information on health in 
health analyses (Conti et al. 2010, Heckman et al. 2011). This is mostly because 
single health indicators are not efficient in describing a  person’s health, and 
detailed information on health is increasingly available via e.g. ageing surveys. 
This, however, calls for a joint analysis of health indicators, taking into account 
the dependencies between various health variables. It is not self-evident how one 
should model such a multidimensional distribution, and in our previous paper 
(Kobus and Półchłopek, 2016) we offer a method for ordinal health data that 
models them in a flexible and computationally efficient way, the so-called factor 
copula models (Nikoloulopoulos and Joe 2015). Here we continue research in 
this area. We use 2-factor models to estimate 24-dimensional health distribution 
and show that they provide a highly accurate description of health data and per-
form better than standard analyses based on multivariate normal distribution. 
We find that a 2-factor model which is a combination of the t(5)+t(4) copulas 
gives the highest likelihood. Based on this, we identify two major factors which 
govern the 24 health variable distributions and based on the estimated copula 
parameters we give them interpretation. Factor one relates to the general mood 
and attitude in life, whereas factor two describes physical health.
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INTRODUCTION

Socio-economic inequalities have received soaring attention in the last decades. 
Inequalities of health and well-being have attracted particular interest, especially 
as detailed health information is available through ageing surveys (e.g. SHARE 
in Europe). This includes information on not only physical health, but also men-
tal and cognitive. Many of these indicators are in the form of ordinal data e.g. 
for which there are no numbers, but only the underlying ordering. One of most 
widely used health indicators, namely self-reported health status, is one example 
of an ordinal indicator. Here we have ordered categories of health statuses from 
very bad to very good. Health measurements studies are often restricted to this 
one variable (van Doorslaer et al., 1997, van Doorslaer and Koolman, 2004, 
Kunst et al., 2004, Cutler et al., 2015) or even if they use several health indicators, 
they either analyze them separately or aggregate them into a  single index of 
health (e.g. Makdisi and Yazbeck, 2014). All this ignores the dependence struc-
ture in health data which is a distinctive feature of multidimensional versus uni-
dimensional distributions. As it is widely acknowledged (Atkinson and 
Bourguignon, 1982), dependencies in well-being components increase inequality, 
as there is higher likelihood for individuals to suffer from multiple deprivations. 
This group is the proper target of any policy aimed at reducing health inequali-
ties, especially for chronic diseases which plague modern societies and constitute 
an increasing drag on public finance, such as diabetes, hypertension, arthritis etc. 
That is to say, modelling health in a joint framework is a necessity for obtaining 
reliable health measurements, but it has been rare in the literature so far, also 
because of methodological and computational difficulties.

In our previous paper (Kobus and Półchłopek, 2016) on this topic we shed 
some light on how this can be done in the context of ordinal health indicators. 
We show that so called 1-factor copulas remarkably improve the modelling of 
health distributions, and detect complex non-linear behavior. Large part of the 
paper was devoted to the introduction of the concept. This paper is a continua-
tion of this line of work, in which we apply more complex factor models i.e. 
2-factor copulas. They are a more efficient tool for the joint treatment of ordinal 
health data which we describe in detail below.

A regular approach to multivariate modelling is based on normal (Gaussian) 
distribution. It is at the same time the most widely used and most criticized. The 
multivariate Gaussian distribution assumes that all margins, as well as the joint 
probability, are normal. However, in reality this is often difficult to observe, e.g. 
in finance income dispersion is often uneven or there may be share prices which 
are dependent only when they reach high values. This should be taken into 
account for a successful portfolio diversification. Especially when inequalities are 
concerned, it is highly inconvenient to assume normal distribution. The main 
drawbacks are the light tails and the lack of negative dependence. Tail depen-
dence is a property that indicates how the probability behaves in extreme, low or 
high, values. Upper (lower) tail dependence means that large (low) values of two 
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or more variables occur together more often. In a multivariate Gaussian distri-
bution majority of mass (about 90%) is clustered in the center, while the tails are 
symmetrical and carry little mass. Negative dependence corresponds to negative 
correlation between variables – a situation also not covered by the normal distri-
bution. These problems occur both on univariate and joint levels, so the mis-
match caused by applying this method is compounded when the number of 
dimensions increases. Henceforth, it is important to study non-Gaussian models, 
as they have potential to be more accurate in atypical cases witnessed in risk 
analysis, insurance, finance and economics, and as our previous paper shows, in 
health analyses too.

A promising proposition of resolving the above mentioned problems is imple-
menting copulas. A copula is a multivariate probability distribution function with 
uniform margins. Such function combined with marginal distribution characterize 
the joint distribution. For continuous data such representation is unique, which is 
stated in Sklar’s theorem (Sklar, 1959). It is therefore a convenient method to 
construct joint distributions from marginal distributions. Moreover, copulas allow 
for a two-step estimation where the steps are independent. First, univariate mar-
gins are chosen, based on initial diagnostics of the dataset, and just any existing 
distributions can be used. Each item can be fit with a different distribution and 
different support – univariate Gaussian and t for retaining symmetry, gamma for 
exponential tails, Pareto for heavy tails, Poisson for integer-valued data etc. After 
the margins are picked, copula models can be considered based on the joint 
behavior of the data. Since there are numerous copulas to choose from, diverse 
in their properties, the multivariate model is highly flexible. There are also uni-
modal parametric copula families which introduce a continuous factor (a matrix 
or a vector) that can be fixed for each pair of variables for the best fit. So called 
extreme value copulas are characterized by uneven tails and can be rotated to 
obtain negative dependence. Such copulas are a good fit for responses derived 
from best-case or worst-case scenarios. For example, when asked about mobility 
limitation, the respondent takes into account only the events when his or her 
disability prevented them from performing some actions and based on this he or 
she chooses lower categories. In other words, they take the minimum value of all 
the events relevant to the question (Nikoloulopoulos and Joe, 2015). In addition, 
there are many ways to combine copulas in order to obtain a  joint distribution. 
Copulas usually have closed forms which are convenient in terms of computation 
because they allow analytical differentiation and integration instead of numerical. 
Although models that designate only one multivariate copula for all data (like the 
multivariate Gaussian model does) are in line with intuition, building high-dimen-
sional copulas is considered a difficult computing problem. This implies the neces-
sity of new solutions in numerical methods and algorithms for inference and sim-
ulation. This is why concepts of vine pair copula constructions (Aas et al., 2009) 
and factor copulas (Nikoloulopoulos and Joe, 2015) were proposed. They are 
based on linking different bivariate copulas to connect the variables separately in 
some order instead of all at once. The idea is to decompose a multivariate distri-
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bution into a series of bivariate copulas applied on original variables and on their 
conditional distribution functions.

This paper is a continuation of our research on English Longitudinal Study 
of Ageing (ELSA), waves 1 and 6. The previous paper (Kobus and Półchłopek, 
2016) applies 1-factor copula models, where 1-factor indicates that there is a sin-
gle unobservable factor that governs the behavior of all observed indicators. We 
showed that there are substantial dependencies in health data which cannot be 
easily neglected. In more detail, we found that factor copula models based on 
t(4) and t(5) copulas provide better fit than standard multivariate normal model. 
This suggests that health distributions are generated as a mixture of discretized 
means which is typical for a sample which is a mixture of heterogeneous groups. 
These interdependencies were present in all analyzed population subgroup. We 
observed the strongest dependence for items that express general optimism and 
such was the interpretation of the underlying factor. The paper closes with point-
ing to three directions for further research: (i) estimation of multi-factor models, 
(ii) estimation of structured factor copula models where a group structure of the 
data is implied (iii) applying different linking bivariate copulas. Hereby we 
address the first idea. We find that a 2-factor model which is a combination of 
the t(5)+t(4) copulas gives the highest likelihood. Based on this, we can identify 
two major factors which summarize 24-dimensional distribution. Based on the 
estimated copula parameters we give the following interpretation of the two 
factors. Factor one relates to general mood and attitude in life, whereas factor 
two describes physical health. This differentiation is stable among population 
groups with most noticeable changes between men and women. Namely, for 
women first factor has a broader meaning and apart from general optimism it is 
also related to the sense of freedom in life.

The paper is organized as follows. In Section 1 we describe only the essential 
part of the methodology and estimation referring more interested readers to 
Kobus and Półchłopek (2016) which contains a more thorough description of the 
concepts used here. In Section 2 we describe the data and analyze descriptive 
statistics. Section 3 contains the results. Finally, we conclude in Section 4.

1. 2-FACTOR COPULA MODELS

The theory of factor copulas was developed by Nikoloulopoulos and Joe (2015) 
and the exact model used in this study is described in Kobus and Półchłopek 
(2016). Here we expand 1-factor copula model presented there. Please refer to 
the notation described in Kobus and Półchłopek (2016).

Latent factor models are models of high-dimensional data in which many 
items overlap or are correlated by design. Typically, the underlying concept (fac-
tor) is low-dimensional, but it is difficult to measure directly and thus proxied by 
many indicators that are easier to measure. Typical examples of include concepts 
such as quality of life, general intelligence or health. The general factor copula 
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model is the following. Let Yi = (Yi1, ..., Yid) be a vector of d ordinal variables 
each measured on a scale {0, ..., K – 1}. These are observable indicators; here in 
empirical application d = 24 and each Yj denotes a given health condition. The 
p-factor model assumes conditional independence of Y1, ..., Yd given latent vari-
ables X1, ..., Xp (so called factors). The joint probability mass function (pmf) is 
therefore

	 P Y1 = y1 , ..., Yd = yd( ) = P Yj = yj | X1 = x1 , ..., X p = xp( )dFX1 , ..., X p

j=1

d

∏∫ x1 , ..., xp( )

	
P Y1 = y1 , ..., Yd = yd( ) = P Yj = yj | X1 = x1 , ..., X p = xp( )dFX1 , ..., X p

j=1

d

∏∫ x1 , ..., xp( )
	

(1)

where FX1, ..., Xp is the joint distribution of latent factors. Copulas appear in how 
P(Yj = yj|X1 = x1, ..., Xp = xp) is modelled.

Here we present a 2-factor model ( p = 2) in which X1, X2 are independent 
and uniformly distributed i.e. X1, X2 ~ U(0, 1). From Sklar’s theorem (Sklar, 1959) 
there exists a copula function CX1 j such that P(X1 # x1, Yj # yj) = CX1 j(x1, Fj(yj)), 
where Fj is the cdf of Yj. It is a step function with jumps at 0, ..., K – 1. Let ajk be 
the cutpoints for the j-th ordinal variable in the uniform scale. Thus Fj(yj) = aj, yj + 1. 
Then, the conditional cdf is the following

	 Fj|X1 ( yj | x1) := P(Yj ≤ yj | X1 = x1) =
∂CX1 j( x1,Fj( yj))

∂x1
.	 (2)

Denoting copula density function Fj|X1 ( yj | x1) := P(Yj ≤ yj | X1 = x1) =
∂CX1 j( x1,Fj( yj))

∂x1
 by Cj|X1(aj, yj + 1|x1), we have

that Cj|X1(aj, yj + 1|x1) – Cj|X1(aj, yj|x1) gives the probability of Yj = yj conditional 
on X1 = x1.

Let CX2 j be a  bivariate copula such that P(X2 # x2, Yj # yj|X1 = x1) = 
= CX2 j(x2, Fj|X1(yj|x1)) and Fj|X1(yj|x1) is given by (2). It is worth noting that 
a simplifying assumption is used, namely, the conditional copula for the univar-
iate distributions FYj|X1 and FX2|X1 = FX2 does not depend on x1. Denoting copula

density function for factor X2 by Cj|X2 (Fj|x1 ( yj | x1)| x2) =
∂CX2 j( x2,Fj|x1 ( yj | x1))

∂x2

we can write the joint pmf for the 2-factor model P(Y1 = y1 , ...,Yd = yd ) = Cj|X2 (Fj|X1 ( yj | x1)| x2)−
j=1

d

∏0

1
∫0

1
∫  Cj|X2 (Fj|X1 ( yj −1| x1)| x2)dx1dx2

P(Y1 = y1 , ...,Yd = yd ) = Cj|X2 (Fj|X1 ( yj | x1)| x2)−
j=1

d

∏0

1
∫0

1
∫  Cj|X2 (Fj|X1 ( yj −1| x1)| x2)dx1dx2.

Less formally speaking, d items are linked to factor X1 (1-factor model) and 
then conditional on X1 another d items are linked to factor X2 as pictured in 
Figure 1.

In theory, copulas CX11, ..., CX1d, CX21, ..., CX2 d can all come from different 
parametric families which compounds flexibility of the model. A special case is 
the discretized multivariate normal model for which all the copulas are bivariate 
Gaussian. A presentation of all copula families used in this paper is contained in 
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Kobus and Półchłopek (2016). Estimation follows two-step procedure described 
in detail in Kobus and Półchłopek (2016) and conducted using R package 
“CopulaModel”.

Figure 1. Graphic representation of the 2-factor copula model

Y1

X1 Yj

Yd

X1 X2 Yj X1

Yd X1

Y1 X1

CX11 

CX1 j 

CX1 d 

CX21 

CX2 j 

CX2 d 

Source: Nikoloulopoulos and Joe (2015).

We compare 2- and 1-factor models. For 1-factor models, the following copu-
las are tested: Gumbel, survival Gumbel, Gaussian, as well as copulas with 2, 3, 
4, 5, 7 and 9 degrees of freedom. For 2-factor models 17 pairs of copulas are 
considered: Gumbel+Gumbel, s.Gumbel+s.Gumbel, Gaussian+Gaussian, 
t(2)+t(3), t(3)+t(2), t(2)+t(4), t(4)+t(2), t(4)+t(5), t(5)+t(4), t(2)+Gumbel, 
t(3)+Gumbel, t(4)+Gumbel, t(5)+Gumbel, Gumbel+t(2), Gumbel+t(3), 
Gumbel+t(4) and Gumbel+t(5). It is not so common to mix diverse parametric 
families for each factor because of the tail dependence inheritance. Moreover, 
the theory of factor copulas is relatively recent and such intricate models would 
require tools that have not yet been developed for ordinal data. For these reasons, 
only one family was chosen for each factor. The order of copulas in a single pair 
does matter, hence the use of symmetrical mixes such as t(2)+t(4) and t(4)+t(2).

2. DATA AND DESCRIPTIVE STATISTICS

ELSA (English Longitudinal Study of Ageing)1 is a  survey of quality of life 
among elderly people in the UK. Waves 1 and 6 (2002, 2012) were downloaded 
from the UK Data Archive. Although the dataset allows longitudinal analyses, 

1  Marmot M., Oldfield Z., Clemens S., Blake M., Phelps A., Nazroo J., Steptoe A., Rogers N., 
Banks J. (2016), English Longitudinal Study of Ageing, Waves 0–7, 1998–2015 [data collection], 
24th Edition, UK Data Service, SN: 5050, http://dx.doi.org/10.5255/UKDA-SN-5050-11
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only cross-sectional studies were conducted to show if and how the conditions of 
the elderly have changed over time.

The multivariate model comprises of 24 variables: 19 items describing control 
(C1–C4), autonomy (A1–A5), pleasure (P1–P5) and self-realization (S1–S5), each 
rated on a scale from 1 to 4, self-reported health status, mobility, eyesight, hearing 
and pain rating.

Table 1. CASP-19 variables

C1 How often feels age prevents them from doing things they like

C2 How often feels what happens to them is out of their control

C3 How often feels free to plan for the future

C4 How often feels left out of things

A1 How often can do the things they want to do

A2
How often family responsibilities prevent them from doing things they 
want to do

A3 How often feels they can please themselves with what they do

A4 How often feels their health stops them from doing what they want to do

A5 How often shortage of money stops them doing things

P1 How often looks forward to each day

P2 How often feels that their life has meaning

P3 How often enjoys the things they do

P4 How often enjoys being in the company of others

P5 How often looks back on their life with a sense of happiness

S1 How often feels full of energy these days

S2 How often chooses to do things they have never done before

S3 How often feels satisfied with the way their life has turned out

S4 How often feels that life is full of opportunities

S5 How often feels the future looks good to them

The data has been adjusted to fit the assumptions in the model. The number 
of categories differed across variables and therefore was reduced to 4 by collapsing 
higher responses (pairing “very good” with “excellent” as one category). Therefore, 
some items, such as health, vision and hearing, are self-rated on the following 
scale: 1 – “poor”, 2 – “fair”, 3 – “good”, 4 – “excellent”. Both eyesight and hearing 
questions assume reporting the senses using everyday correcting devices such as 
glasses, contact lenses or hearing aid. Blind people fall into the first category of 
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“poor” eyesight. Pain rating is derived from two separate questions: “Are you both-
ered by pain?” and “How much does it hurt?” by adding the fourth, “no pain”, 
category. Therefore, the responses are: 1 – “severe”, 2 – “moderate”, 3 – “mild”, 
4 – “no pain”. Mobility was measured by asking the respondents about how much 
difficulty they associate with walking for a quarter of a mile. The possible answers 
were: 1 – “unable to do it”, 2 – “much difficulty”, 3 – “some difficulty”, 4 – “no 
difficulty”. Ordering of responses was reversed in some cases to assure positive 
dependence. After all necessary adjustments, the waves 1 and 6 consist of 4650 and 
7915 observations, respectively, as shown in Table 2.

We analyze the distribution of the groups defined based on sex, age (50–64 
years old group and 65+), employment (retired, employed, unemployed, dis-
abled), as well as smoking (behavioral risk). This gives us 10 groups to analyze 
in each wave.

Table 2. Sample sizes by population groups

size (wave 1) % (wave 1) size (wave 6) % (wave 6)

males 2174 44.49 3589 45.34

females 2476 50.67 4326 54.66

age 50–64 2542 52.02 3734 47.18

age 65+ 2108 43.13 4181 52.82

non-smoking 3848 78.74 7020 88.69

smoking 802 16.41 895 11.31

retired 2329 47.66 4558 57.59

employed 1588 32.49 2602 32.87

unemployed 475 9.72 468 5.91

disabled 258 5.28 287 3.63

total 4650 7915

Source: Own calculations based on the ELSA Wave 1 and Wave 6.

To compare distributions we use Wilcoxon rank-sum test (Wilcoxon, 1945, 
Mann and Whitney 1947). Rank-sum tests the hypothesis that two independent 
samples are from populations with the same distribution. Unlike Student’s t-test, 
it does not require the assumption of normal distribution. The test is a standard 
choice for ordinal data. We choose three variables that later on prove relevant for 
copula analysis. They reflect both physical and mental health. With respect to 
ability to walk, the considered groups differ significantly (Table 3) i.e. men are 
different than women (sex), those who smoke are different from those who do 
not (smoking) etc. With respect to P3, namely, whether a respondent enjoys things 
he or she does, there are differences between all groups except for men and 
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women and employed and unemployed. Here we cannot reject the null hypothe-
sis that the samples come from the same distribution. Similarly for S4 i.e. whether 
a respondent feels that life is full of opportunities. Typically groups differ except 
for men and women in Wave 6 and employed and unemployed in Wave 1.

Table 3. Wilcoxon test

Wave 1 Wave 6

sex age smoking sex age smoking

walk 2.8 (0.01)* 15.26 (0.00)* 3.31 (0.00)* 3.58 (0.00)* 17.69 (0.00)* 6.03 (0.00)*

P3 0.22 (0.83) –3.22 (0.00)* 6.79 (0.00)* –0.05 (0.96) –7.24 (0.00)* 9.43 (0.00)*

S4 –2.03 (0.04)* 4.84 (0.00)* 6.11 (0.00)* 0.45 (0.65) 5.66 (0.00)* 7.81 (0.00)*

Wave 1 Wave 6

employed unemployed disabled employed unemployed disabled

walk –17.88 (0.00)* –3.36 (0.00)* 17.23 (0.00)* –21.45 (0.00)* –2.52 (0.01)* 20.63 (0.00)*

P3 1.25 (0.21) 3.97 (0.00)* 9.36 (0.00)* 5.33 (0.00)* 5.9 (0.00)* 12.81 (0.00)*

S4 –5.36 (0.00)* 0.36 (0.72) 8.16 (0.00)* –5.9 (0.00)* 4.35 (0.00)* 11.79 (0.00)*

3. RESULTS

Most general result is such that in both waves, the combination of copulas with 
various degrees of freedom triumphs other models. In wave 6, all groups show 
the highest values of log-likelihood function when estimated with the pair of 
copulas t(5)+t(4), where the numbers indicate degrees of freedom. In this model, 
the X1 factor is linked to each of the 24 items using a t(5) copula and then these 
distributions are combined with the X2 factor using 24 t(4) copulas. In wave 1 the 
groups go best with t(5)+t(4) copulas as well, except for women, retired and 
unemployed people who are most accurately described with t(4)+t(5) copulas. It 
is in line with the expectations, as the 1-factor models have also proved t copulas 
with 4 and 5 degrees of freedom to be the best choice.

Table 4 illustrates bivariate count distributions of variables health and A4 sim-
ulated using copulas pair that gives best log likelihood (t(5)+t(4) combination), 
as well as observed distribution. Because A4 refers to restraints imposed by health 
condition, and so it is linked to negative events, the order of categories was 
reversed. The table illustrates how many respondents are estimated to fall into 
each bivariate category, e.g. in the original study there were 203 men (upper left 
corner) who rate their health as poor and simultaneously reported that it often 
stops them from doing what they want. On the other hand, 833 men (bottom right 
corner) say that their health was very good and that they do not feel constrained. 
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Table 4. Bivariate count distributions of the models 
with the best log-likelihood

empirical distribution 1-factor 2-factor

m
al

es

203 54 8 8 102 80 55 39 185 65 16 11

212 293 87 50 150 217 131 140 193 285 123 48

99 396 378 276 167 335 340 332 121 423 399 223

28 208 456 833 118 290 404 689 46 196 424 831

fe
m

al
es

190 56 6 4 95 94 39 40 175 57 8 10

255 404 86 37 155 290 146 178 254 360 104 53

111 528 402 331 190 427 360 416 123 560 430 265

43 234 539 1100 120 424 461 891 45 260 463 1159

ag
e 

50
–6

4 156 44 6 5 61 54 53 59 148 51 20 11

157 248 86 46 104 140 121 138 151 212 126 36

64 338 380 333 114 292 344 405 83 328 424 270

28 160 497 1186 113 340 458 938 22 168 448 1236

ag
e 

65
+ 237 66 8 7 155 113 35 25 248 65 10 8

310 449 87 41 223 332 191 137 316 372 126 42

146 586 400 274 220 519 374 318 145 637 439 213

43 282 498 747 127 398 401 613 54 302 412 792

no
n-

sm
o

-
ki

ng

312 94 11 9 157 117 71 60 307 71 20 14

396 586 151 71 266 448 266 260 369 567 218 90

189 827 696 513 278 700 656 610 208 871 747 418

66 403 946 1750 237 656 811 1427 60 431 816 1813

sm
o

ki
ng

203 54 8 8 102 80 55 39 185 65 16 11

212 293 87 50 150 217 131 140 193 285 123 48

99 396 378 276 167 335 340 332 121 423 399 223

28 208 456 833 118 290 404 689 46 196 424 831

re
tir

ed

225 62 8 8 140 81 31 30 217 44 14 9

331 479 96 43 253 379 195 147 312 456 151 55

148 611 441 311 217 566 433 334 160 660 435 259

44 284 556 911 140 405 452 755 52 284 505 945

em
p

lo
ye

d 20 18 4 2 9 7 6 16 17 13 5 5

52 148 59 33 25 102 78 115 65 120 52 47

32 251 284 263 31 182 233 352 25 273 339 229

13 129 380 914 47 277 419 703 11 148 358 895

un
em

-
p

lo
ye

d

18 9 2 1 7 5 13 5 11 9 4 1

26 48 15 8 21 25 22 26 23 44 18 16

12 45 51 32 17 45 43 38 15 67 52 24

10 28 57 106 19 56 55 71 8 24 63 89

d
is

ab
le

d 130 21 0 1 109 27 6 4 127 12 1 3

58 22 3 3 61 24 4 5 69 24 3 0

18 17 4 1 23 10 1 2 17 15 5 2

4 1 2 2 10 1 0 0 5 0 3 1

Source: Own calculations based on the ELSA wave 1 and wave 6.
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Table 5. Bivariate count distributions of items A5 and S5 
modelled with copulas

males females males females

em
p

ir
ic

al

63 176 188 63 65 166 308 89

5+
4

70 136 177 96 87 163 260 131

36 201 566 300 37 180 686 413 49 224 554 270 46 220 673 365

24 123 499 440 34 162 549 526 15 152 522 423 30 153 601 514

31 89 307 483 49 95 376 591 20 82 306 493 29 82 377 595

G
um

b
el

44 109 221 92 47 132 297 157

2+
G

um
b

el

66 125 198 92 67 130 275 142

54 233 543 263 80 217 655 382 37 245 543 262 47 218 707 357

31 173 541 378 44 171 573 478 27 138 513 384 32 125 622 487

13 67 297 530 27 87 389 590 27 82 288 562 42 92 384 599

s.
G

um
b

el

42 115 223 95 47 132 297 157

3+
G

um
b

el

64 120 195 93 65 126 289 148

55 226 548 279 80 217 655 382 48 239 529 278 53 221 679 357

29 168 516 376 44 171 573 478 25 152 490 394 40 141 606 491

12 67 310 528 27 87 389 590 24 81 314 543 30 80 403 597

G
au

ss
ia

n

54 137 201 88 72 155 290 113

4+
G

um
b

el

61 119 200 88 77 139 270 137

55 214 537 301 69 238 653 387 50 243 520 285 52 231 681 388

25 165 482 402 28 141 551 517 28 155 489 396 34 140 626 458

12 76 369 471 19 73 416 604 21 77 317 540 28 84 383 598

2+
3

79 160 133 107 94 164 201 184

5+
G

um
b

el

60 117 204 87 52 119 271 186

24 199 592 280 31 199 724 370 51 244 517 290 59 200 656 407

18 137 567 377 14 136 657 479 28 155 487 395 40 161 607 472

37 98 290 491 45 97 358 573 18 81 319 536 36 110 432 518

3+
2

92 143 147 110 99 158 224 156

G
um

b
el

+
2

63 140 174 107 69 123 288 136

25 207 589 250 39 210 690 370 36 226 560 270 68 232 675 356

16 143 541 397 22 123 658 474 29 162 523 382 38 149 619 477

27 99 278 525 41 99 339 624 21 66 295 535 29 83 321 663

2+
4

64 149 159 97 85 136 256 146

G
um

b
el

+
3

62 140 181 86 69 124 299 129

43 214 581 286 38 215 701 385 38 231 551 288 69 234 672 355

21 140 514 406 27 131 586 503 33 154 505 395 37 145 601 487

25 81 330 479 41 83 443 550 15 73 304 533 28 78 338 661
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Firstly, it can be seen already from Table 4 that the 2-factor models are better 
approximations than 1-factor models e.g. 185 of people in the first category as 
estimated by a 2-factor model is closer to 203 than 102 as estimated by a 1-factor 
model. The same goes for all population groups. In general, 1-factor model tends 
to spread mass more uniformly among categories than a 2-factor model, simply 
because it tries to model jointly the behavior of what seems to be two independent 
factors. Secondly, as shown in Table 5 which contains bivariate count distributions 
of items A5 and S5 used in Kobus and Półchłopek (2016), copulas estimate the 
probabilities far better than multivariate Gaussian models. Empirically A5, which 
refers to shortage of money, has more probability in the centre, it can be thus 
interpreted as a discretized mean, while S5 which indicates if the future looks 
good to the interviewee, has more mass in maximum values. This is why the joint 
probability is asymmetric and upper tail dependence is observed.

In each model, the dependence parameter vector 

θ  consists of 48 real values 

– the first 24 corresponding to copulas fitted for X1 and the latter for X2. The 
most accurate models use t copulas, hence the values range between –1 and 1.2 
Tables 8, 9, 10 and 11 in Appendix contain transformations of the parameters to 
Kendall’s τ . The higher the copula parameter, the more dependence between 
a given item and the factor.3 Copula models with different parameters are not 

2  For example, if Gumbel copula is used, then because it models positive dependence only, 
Kendall’s tau values are between 0 and 1.

3  As to the interpretation of factors, Nikoloulopoulos and Joe (2015) state that 2-factor 
models with tv copulas are clearly interpretable v # 3 when and that there is more variability 
when v $ 5 which may affect identification of the factors. The varimax transformation (Kaiser, 
1958) is necessary when such problems occur. Interpretation can also be distorted if variables 
have discrete distribution and if the sample is big, as standard errors decrease when (the number 
of records) or the number of categories increase. Large SEs (exceeding 0.9 in Kendall’s scale) 
indicate that the model is non-identifiable. This is not the case in this study though, as SEs 
remain between 0.01 and 0.04, so the varimax rotation is not needed to explain the factors with 
their loadings.

males females males females

4+
2

72 136 173 97 86 159 259 141

G
um

b
el

+
4

63 138 183 82 69 124 311 122

45 214 556 275 48 213 665 370 40 232 552 285 65 240 661 359

18 163 504 420 29 159 594 519 35 151 510 389 42 143 595 485

20 87 307 502 33 79 383 589 13 71 309 536 27 78 345 660

4+
5

69 139 179 96 90 138 246 152

G
um

b
el

+
5

61 138 184 80 69 124 313 118

46 222 549 279 37 232 686 386 41 231 555 284 67 232 662 365

18 148 539 403 26 134 609 488 33 153 506 395 39 145 598 485

22 80 317 483 35 85 420 562 13 74 309 532 25 78 351 655

Source: Own calculations based on the ELSA wave 1 and wave 6.
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directly comparable, therefore parameter estimates and standard errors need to 
be compared on a Kendall’s tau scale (Genest and MacKay, 1986), (Hult and 
Lindskog, 2002). The following transformation of copula parameters applies to 
Gaussian t copulas with θ ∈(−1,1) (Hult and Lindskog, 2002)

	 τ = 2
π

arcsinθ ,	 (3)

whereas the following transformation applies to Gumbel copula with θ ∈[1,∞) 
(Genest and MacKay, 1986)

	 τ = 1− 1
θ

.	 (4)

Therefore, Kendall’s τ  for Gaussian and copulas range from –1 to 1 and as for 
Gumbel, τ ∈(0,1), because this copula models only positive dependence.

Let us first analyze the group of non-smokers (Appendix, Figure 2) which is 
the most numerous. The model has managed to reduce 24-dimensional health 
indicator to two major unobserved factors. Variables C3, A1, P1, P2, P3, P5, S3, 
S4 and S5 seem to be linked to the factor X1, whereas X2 is clearly linked to A4 
and also to health, walk, pain and C1. Interpreting the items, X1, variables strongly 
connected to it cover the topics of freedom (C3, A1), joy (P3), optimism (P1, P2, 
S4, S5), happiness and satisfaction (P5, S1–S5). It can be therefore interpreted 
as life attitude or general mood. The second factor is even more clear. It is mostly 
connected to physical health indicators such as self-reported health, mobility and 
pain rating, as well as two CASP-19 items, C1 and A4. The latter are about 
whether health or age prevents a respondent from doing something, so they have 
a clear association with physical health. Therefore, X2 can be described as phys-
ical health/limitations. For the group of smokers the situation is very much sim-
ilar. Variables related to X1 (P1, P2, P3, P4, P5, A2, A3 account for optimism and 
the feeling of freedom, while the loadings of X2 are the same as for the group of 
non-smokers. It seems that smoking does not affect perception of health, how-
ever, sex does (Appendix, Figure 3). For men, we still observe the pattern that 
X1 is linked to P1, P2, P3, S3, S4, S5 which are all the feelings of optimism and 
enjoyment, and X2 is linked to physical health (health, walk, pain, A4 and C1). 
The situation changes for women, for whom the first factor has a much broader 
meaning. Namely, apart from the variables we just mentioned in the men’s case, 
X1 is also linked to answers C3, A1, A4 and S1. They all relate to the sense of 
freedom, which apparently for women does not mean only freedom from the 
limitations of physical health, but a general ability to do what one wishes to do 
in life.

With age, walking and the feeling that health prevents one from doing things 
they want (A4) emerges as two indicators driving factor X2 (Appendix, Figure 4). 
When it comes to factor X1 there are many indicators that link to X1 with a sim-
ilar loading for both age groups. These are a few traditional ones P1, P2, P3, S3, 
S4, S5 but also P5 and S1. P5 refers to looking back at one’s life with a sense of 
happiness and S1 to feeling full of energy. The importance of these two for the 
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general positive feeling about life increases with age. The last group we analyze 
is related to employment status. Here too clear interpretation for factors X1 and 
X2 can be drawn. What changes between groups is the importance of indicators 
P5 and S1. P5 is more linked to X1 for employed than for other groups, whereas 
for the retired S1 is linked to both factor first and second.

The 2-factor model has not only proved to be better than multivariate normal 
approach for modelling data with intermediate tail dependence, but has also 
provided highly accurate approximation. Moreover, it enables successful identi-
fication of unobservable determinants and reveals important links between var-
ious health indicators. The novelty of this method is that it detects complex 
dependencies present in the data. This provides not only for the desired dimen-
sional reduction but also for the natural interpretation of underlying factors.

CONCLUSION

The analysis identified two main factors governing 24-dimensional health dis-
tribution. For Wave 1 the single factor was interpreted as positive life attitude, 
as variables S1 and S5 appeared to have the highest linking parameters, and 
for Wave 6 also S3, P1 and P3 were relevant (enjoying things in life). It is in 
line with the description of X1 in this study. The other factor turned out to 
represent physical constraints. It seems that since the first factor appeared in 
both 1- and 2-factor models, it is the main determinant of well-being, or more 
accurately, people’s perception of it. The fact that the copula models evinced 
the highest values of the log-likelihood function implies that the dataset 
describes a population which is a mixture of subpopulations and the latent vari-
ables can be interpreted as compilations of means that vary across these sub-
groups. This paper shows that 2-factor copula models provide a better fit than 
1-factor copula models presented in Kobus and Półchłopek (2016) and also 
better than standard tools (based on MVN), and should be used with health 
data when joint analysis is necessary. The output of these estimations can now 
be used for further analyses.

From the policy perspective, the added value of factor copula models in 
health measurement is the following. Firstly, it allows for the computationally 
efficient estimation of the joint health distribution (impossible with ordinal 
probit model with high-dimensional data) which naturally can then be used for 
further models and purposes. The necessity to consider joint health distribu-
tions comes from the fact that single health indicators are typically poor prox-
ies of general health. Here not only many health indicators can be considered 
but also the dependencies between them. Such dependencies, known in the 
health literature as comorbidity pose a fiscal challenge to healthcare policy. 
Secondly, the model allows for a very flexible modelling of these dependencies, 
hence nonlinearities in the relationship between health conditions are taken 
into account (as opposed to ordinal probit model). Thirdly, it detects indepen-
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dent dimensions and allows for their interpretation. This reduces the dimen-
sionality of the problem and shapes policymakers’ thinking about most rele-
vant health differences between various groups. Finally, the detected nonlin-
earities (i.e. upper and lower tail dependence) help to target most vulnerable 
groups most effectively. In particular, if the copula between two health dimen-
sions in a  given group is upper tail dependent one may conclude that the 
problem concentrates mostly for the high values of the considered health con-
ditions and therefore targeting this group may prove to be the most efficient, 
given limited budget.

Although only the most relevant results were shown here, this study was very 
comprehensive (we estimated 17 different models). Still, it could be developed 
further. Firstly, one could fit margins and add covariates in copula estimations 
(Nikoloulopoulos and Karlis, 2010). Secondly, even more copula combinations 
(models) can be tested. Thirdly, the structure of the data (division into C, A, S 
and P questions) can be a priori taken into account via the so-called structured 
factor copula models (Krupskii and Joe, 2015).4 CASP-19 indeed has a group 
structure (control, autonomy, pleasure, self-realization). In these models there 
are many zeros in vectors of loadings (the factors are loaded on separate subsets 
of variables) which means fewer dependence parameters. Furthermore, the fac-
tors can be dependent. In this model, on the other hand, each factor can be 
linked to any other item, and factors are independent.
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APPENDIX

Figure 2. Parameters non-smoking and smoking in Kendall’s scale 
for the 2-factor models

(a) non-smoking
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Source: Own calculations based on the ELSA wave 1 and wave 6.
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Figure 3. Parameters males and females in Kendall’s scale 
for the 2-factor models

(a) males
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Source: Own calculations based on the ELSA wave 1 and wave 6.
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Figure 4. Parameters age 50–64 and age 65+ in Kendall’s scale 
for the 2-factor models

(a) age 50–64
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(b) age 65+

0.4

0.2

0.0

–0.4

–0.2

0.6

0.8

walk
see

hear
painC1 C2 C3 C4 A1 A2 A3 A4 A5 P1 P2 P3 P4 P5 S1 S2 S3 S4 S5health

X1 X2

Source: Own calculations based on the ELSA wave 1 and wave 6.
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Figure 5. Parameters employed, unemployed, retired and disabled 
in Kendall’s scale for the 2-factor models
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(c) retired
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(d) disabled
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DWUWSKAŹNIKOWY MODEL KOPUŁ CZYNNIKOWYCH 
W OCENIE STANU ZDROWIA

STRESZCZENIE

Analiza łącznych rozkładów wskaźników zdrowia jest konieczna do zrozumienia 
stanu zdrowia starzejących się społeczeństw i  efektywnej polityki zdrowotnej 
(Conti et al., 2010; Heckman et al., 2011). W poprzednim artykule (Kobus and 
Półchłopek, 2016) zaproponowałyśmy metodę modelowania porządkowych 
zmiennych zdrowotnych, tj. tak zwane kopuły czynnikowe (Nikoloulopoulos and 
Joe, 2015). W niniejszym artykule rozwijamy nasze badania w tym zakresie, wyko-
rzystując modele dwuczynnikowe do estymacji 24-wymiarowych rozkładów 
i  pokazując, że pozwalają one na bardzo precyzyjny opis rozkładów zdrowia. 
Wykazujemy również, że kopuły czynnikowe oparte na kombinacjach rozkładów 
i spisują się lepiej niż standardowe podejście oparte na wielowymiarowych roz-
kładach gaussowskich. Dodatkowo identyfikujemy dwa główne czynniki, które 
wpływają na rozkład 24 zmiennych, jak również interpretujemy je na podstawie 
uzyskanych parametrów. Pierwszy czynnik związany jest z usposobieniem i podej-
ściem do życia, a drugi ze zdrowiem fizycznym.

Słowa kluczowe: dane porządkowe, zdrowie, nierówności, kopuły czynnikowe.
Klasyfikacja JEL: I31; D63


